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Abstract

Natural convection in a narrow horizontal concentric annulus is numerically investigated for a ~uid of Pr � 9[3[ The
combined e}ect of thermal and hydrodynamic instability at Pr � 9[3 yields complex multicellular ~ow patterns and
interesting transition phenomena[ After the onset of instability of the conduction regime\ four branches of solutions and
_ve kinds of multiple solutions characterized by the temporal behaviour and spatial structure of ~ows are found[ As Gr
increases\ the transition of ~ow structure shows a gradual increase in the number of cells[ When Gr is further increased\
the ~ow in the vertical section of the annulus reverts to a nearly monocellular structure[ A transition phenomenon from
oscillatory to steady ~ow is found with an increase in Gr[ Þ 0887 Elsevier Science Ltd[ All rights reserved[

Nomenclature

Di diameter of inner cylinder
Gr Grashof number based on the gap width\
a`"Ti−To#L2:n1

` acceleration of gravity
J Jacobian
L gap width of the annulus\ Ro−Ri

N"cells on top# number of cells separated by the streamline
of c � 9 on the top of the annulus
Nucond Nusselt number of pure conduction state
Nui\ Nuo local Nusselt numbers at the inner and outer
cylinders\ respectively
Nui\ Nuo mean Nusselt numbers at the inner and outer
cylinders\ respectively
Nu"t# overall Nusselt number\ "Nui¦Nuo#:1
Nutime time!averaged overall Nusselt number
P period of oscillation
Pr Prandtl number\ n:x
Ra Rayleigh number\ PrGr
Ri[ Ro radii of the inner and outer cylinders\ respectively
r dimensionless radial coordinate
ri\ ro dimensionless radii of the inner and outer cylin!
ders\ respectively

� Corresponding author[ E!mail] jsyooÝanu[andong[ac[kr

rc radial coordinate of the center of annular gap\
"ri¦ro#:1
t dimensionless time
Ti\ To temperatures at the inner and outer cylinders\
respectively
u\ v dimensionless velocity components in the radial
and angular directions\ respectively
u"t# instantaneous radial velocity at "rc\ p:1#\
u"rc\ p:1\ t#[

Greek symbols
a coe.cient of thermal expansion
h stretched coordinate in the radial direction
u dimensionless temperature
x thermal di}usivity
n kinematic viscosity
r9 mean density
f angular coordinate
c dimensionless streamfunction
v dimensionless vorticity

0[ Introduction

Natural convection in a horizontal cylindrical annulus
has received much attention because of the theoretical
interest and its wide engineering applications such as
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thermal energy storage systems\ cooling of electronic
components and transmission cables[ Comprehensive
reviews on this problem were presented by Gebhart et al[
ð0Ł and Yoo ð1\ 2Ł[

The basic ~ow _eld for low value of Gr forms two
symmetric kidney!shaped "or crescent!shaped# eddies in
which ~uid rises near the inner hotter cylinder and sinks
near the outer colder one[ As Gr increases\ however\
several kinds of convective ~ows which are dependent on
Pr and the aspect ratio can be developed[ Powe et al[ ð3\
4Ł and Rao et al[ ð5Ł investigated ~ow patterns of air\ and
found three ~ow regimes depending on diameter ratio
"Di:L#] a two!dimensional oscillatory ~ow for Di:L ³ 1[7\
a three!dimensional spiral ~ow for 1[7³ Di:L ³ 7[4\ and
a two!dimensional multicellular ~ow for Di:L × 7[4[
Some other authors considered low!Prandtl!number
~uids\ and showed several kinds of multicellular ~ows
ð6Ð8Ł[

To date\ many authors have studied natural convection
in wide!gap annuli[ However\ relatively few studies have
been made for narrow annuli ð09\ 00Ł[ On the other hand\
the natural convection problems in a vertical slot ð01Ð04Ł
and in a tall vertical annulus ð05\ 06Ł have been studied
extensively[

Recently\ the present author considered the natural
convection problem in a narrow horizontal annulus with
Di:L � 01\ and investigated the e}ect of Prandtl number
on the stability of conduction regime ð2Ł[ It was observed
that the stability of the conduction regime of natural
convection can be classi_ed into two regimes] "i# at
Pr ¾ 9[1\ the instability sets in as steady or oscillatory
~ows consisting of multiple like!rotating cells in the ver!
tical section of the annulus^ "ii# at Pr − 9[2\ the instability
_rst sets in at the top portion of the annulus[ The con!
duction!dominated regime of natural convection for low
value of Gr forms a crescent!shaped eddy in a half annu!
lus[ After the onset of instability of conduction regime\
very complex multicellular convection is developed\ and
the ~ow patterns have been observed to be strongly
dependent on the Prandtl number[ The results for
Pr ¾ 9[2 were presented previously by this author ð2Ł[
And in this study\ the convective motion of a ~uid with
Pr � 9[3 will be investigated[

In a narrow horizontal annulus with a heated inner
cylinder\ there are two instability mechanisms present in
~ow[ One is the RayleighÐBe�nard thermal instability ð07Ł
which operates on the top part of the thermally unstable
region\ and the other is the shear driven hydrodynamic
instability in the near vertical section[ The hydrodynamic
instability has been observed at low values of Pr ð09\
00Ł\ and the thermal instability at high Pr ð08Ł[ At the
intermediate value of Prandtl number\ the two instability
mechanisms can be coexistent[ As a result\ this study
observed very complex multicellular ~ow patterns and
interesting transition phenomena for Pr � 9[3[ The main
features are discussed here[

The ~ow _eld after the onset of instability of conduc!
tion regime consists of square!shaped closed cells on the
top of annulus and one or more like!rotating cells in the
vertical section[ As Gr increases starting from the value
of conduction regime\ the transition of ~ow structure
shows gradual increase in the number of cells[ At high
Gr\ however\ the number of cells decreases with increase
of Gr\ that is\ a transition from a multicellular ~ow to a
~ow with fewer cells occurs[ The hysteresis phenomenon
is also observed between the solution branches charac!
terized by the number of cells[ This study found _ve
kinds of multiple solutions characterized by the temporal
behavior and spatial structure of ~ows] "i# dual steady
~ows^ "ii# one steady and one oscillatory ~ows^ "iii# one
steady and two oscillatory ~ows^ "iv# dual oscillatory
~ows^ "v# triple oscillatory ~ows[ At small Gr\ the like!
rotating cells created in the upper part of the annulus
drift downward and disappear in the lower region of the
annulus[ At relatively high Gr\ however\ the cells do not
drift into the lower half of the annulus\ and the pheno!
mena of coalescence and separation of two like!rotating
cells occur in the lower or upper region of the annulus[
The temporal behavior of the ~ow _eld was observed to
be closely related to the motion of cells[ As a result\ a
transition phenomenon of {steady:oscillatory:steady:
oscillatory ~ow| was found\ with increase of Gr[

A notable one for Pr � 9[3 is the diverse multiple solu!
tions which appear after the instability of conduction
state[ And it can be compared with the multiple steady
solutions observed in the other hydrodynamic problems
"Taylor problem\ Dean problem\ natural convection\
etc[# ð19Ð13Ł[ In a narrow horizontal annulus with a
heated cylinder\ the combined e}ect of thermal and
hydrodynamic instability can yield diverse multiple ~ow
patterns compared with the cases of a vertical slot ð01Ð
04Ł\ a tall vertical annulus ð05\ 06Ł\ and other hydro!
dynamic problems ð19Ð13Ł[

1[ Analysis

The ~uid is contained between two in_nite horizontal
concentric circular cylinders\ which are held at di}erent
uniform temperatures of Ti and To "Ti × To#[ The ther!
mophysical properties of ~uid\ except density\ are
assumed constant[ And the Boussinesq approximation is
employed such that the variation of density with tem!
perature can be neglected except for the buoyancy force
terms[ The viscous dissipation in the energy equation is
also neglected[ We consider a two!dimensional problem\
and use the cylindrical coordinates "r\ f#\ the angular
coordinate f being measured counter!clockwise from the
upward vertical through the center of the cylinders "Fig[
0#[ The equations governing conservation of mass\
momentum\ and energy are put into non!dimensional
form by taking the characteristic length\ time\ velocity\
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Fig[ 0[ Steady!state streamlines and radial velocity distributions
at the centerline of annular gap\ u"rc\ f#\ at Gr � 4999] the solu!
tions with a counter!rotating cell "I# and a like!rotating cell "II#
on the top of the annulus[

pressure\ and temperature as L\ L1:n\ V�a`"Ti−To#L1:n\
r9V

1\ and "Ti−To#\ respectively[ We let Pr � n:x and
Gr � a`"Ti−To#L2:n1 denote the Prandtl and Grashof
numbers\ respectively[ The dimensionless equations
governing the two!dimensional convection in terms of
vorticity "v# and streamfunction "c# are written as
follows]

1v
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where the vorticity v\ streamfunction c\ Jacobian J" f\ `#\
and Laplacian 91 are

v �
1

r 1r
"rv#−

1

r 1f
"u#\ u �

1c

r 1f
\ v � −

1c

1r

J" f\ `# �
0
r 0

1f
1r

1`
1f

−
1f
1f

1`
1r1

91 �
1

r 1r 0r
1

1r1¦
11

r1 1f1
"3#

The boundary conditions on the two walls are

c �
1c

1r
� 9\ v � −

11c

1r1
\ u � 0 at r � ri "4#

c �
1c

1r
� 9\ v � −

11c

1r1
\ u � 9 at r � ro "5#

We impose the following symmetric conditions

c � v �
11c

1f1
�

1u

1f
� 9 at f � 9\p "6#

since we suppose the ~ow to be symmetric with respect
to the vertical plane through the center of cylinders[

The dimensionless heat transfer rate of pure con!
duction in the absence of ~uid motion is

Nucond �
0

ln"ro:ri#
"7#

The local Nusselt number is de_ned as the actual heat
~ux divided by Nucond

Nui "f# � −0r
1u

1r1:Nucond at r � ri "8#

Nuo"f# � −0r
1u

1r1:Nucond at r � ro "09#

And the mean Nusselt numbers\ Nui and Nuo\ are given
by

Nui �
0
pg

p

9

Nui "f# df "00#

Nuo �
0
pg

p

9

Nuo"f# df "01#

Equations "0#Ð"6# are numerically solved by the same
_nite di}erence method used in ð2Ł[ Equations "0# and
"2# are cast into _nite di}erence form using the leap!frog
method ð14Ł of DufortÐFrankel for the di}usion and
time derivative terms\ and central di}erencing for the
Jacobian[ The Poisson equation for the streamfunction
is discretized by use of _ve!point formula\ and the dis!
cretized equation is solved by the direct method of Buzbee
et al[ ð15Ł which uses cyclic evenÐodd reduction method[
In the azimuthal direction\ a uniform grid is employed\
and in the radial direction\ the following coordinate
stretching is utilized]

r � ri¦
0
1 $0¦

tanh"C"1h−0##
tanh"C# %

with C � 0[4\ 9 ¾ h ¾ 0 "02#

This study uses the "r×f# meshes of "06×146#[ The
time step Dt is taken in the range of 09−4 ¾ Dt ¾ 09−2[

To investigate the oscillatory ~ow\ we record the time
variation of the integrated value of local Nusselt number\
Nu"t#\ and the following radial velocity at the center of
annular gap during the computational period]

u"t# � u"rc\ p:1\ t# where rc �"ri¦ro#:1 "03#

The point of "rc\ p:1# is chosen as a measuring point\ since
hydrodynamic instability occurs in the vertical section of
annulus[
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2[ Results and discussion

Computations were performed for an annulus of
Di:L � 01 in the range of Gr ¾ 7×093[ The parametric
study for Gr was made with the increments of DGr � 499\
0999\ or 1999 to _nd diverse transition phenomena of
~ow patterns[

When Pr � 9[3\ the conduction!dominated ~ow is
maintained up to Gr � 3499\ but the ~ow becomes
unstable with increase of Gr\ and _nally a new ~ow pat!
tern with a counter!rotating cell on the top of annulus is
established at Gr � 4999[ The steady!state streamlines
with a counter!rotating cell and the distribution of radial
velocities are presented in Fig[ 0"I#[ A notable one for
Pr � 9[3 is that if we use the solution of the higher Ra
with two "or four# cells on the top "Fig[ 1"a#\ "d## as the
initial condition\ a new ~ow with a small like!rotating
cell on the top "Fig[ 0"II## is obtained at Gr � 4999[ For
both cases\ however\ the streamlines and the velocity
pro_les are nearly identical to those of the conduction
regime except the thermally unstable region of the top of
the annulus "9 ³ f ³ 39>#[ The values of Gr � 4999 and
Pr � 9[3 give Ra � 1999\ which can be compared with

Fig[ 1[ Steady!state streamlines and isotherms for the ~ows hav!
ing two "a#\ three "b\ c#\ and four "d# cells on the top of the
annulus] "a# Gr � 5999^ "b# Gr � 8999^ "c# Gr � 0[1×093^ "d#
Gr � 0[5×093[

the critical Rayleigh number of Rac � 0697 in the Ray!
leighÐBe�nard convection ð07Ł[

After the onset of instability of the conduction regime
"Gr − 4999#\ diverse multicellular ~ow patterns and
bifurcation phenomena are observed[ The ~ow has one
"Fig[ 0#\ two "Fig[ 1"a##\ three "Fig[ 1"b#\ "c##\ or four
"Fig[ 1"d## cells on the top of the annulus\ and one or
more like!rotating cells in the vertical section[ We classify
the ~ow patterns by the number of the cells on the top[
The branches of solutions found are presented in Fig[ 2[
The solutions in Fig[ 2 are characterized by the number
of cells separated by the streamline of c � 9 on the top
of the annulus[ The smallest Grashof numbers for the
solution branches of N"cells on top# � 0\ 1\ 2\ and 3 are
Gr � 4999\ 5999\ 8999\ and 0[5×093\ respectively\ and it
is notable that all the ~ows at those values of Gr are
steady[ From Fig[ 2\ we can see various types of multiple
solutions] "i# dual steady solutions\ "ii# one steady¦one
oscillatory\ "iii# one steady¦two oscillatory\ "iv# dual
oscillatory\ "v# triple oscillatory solutions[ A hysteresis
phenomenon is also observed between the branches of
N"cells on top# � 0 and 2[

At _rst we present the results for the solution branches
of N"cells on top# � 0 and 2[ When Gr is increased starting
from the conduction!dominated ~ow of low Grashof
number having a crescent!shaped eddy\ the ~ow with a
counter!rotating cell or three cells on the top is obtained
at Gr − 4999 "Fig[ 2#[ The characteristics of ~ows for
these branches can be summarized as follows\ and will be
explained later]

"0# 4999 ¾Gr ¾6999] Steady convection with a counter!
rotating cell on the top "Fig[ 0"I## is maintained[

"1# 7999 ¾ Gr ¾ 8999] Oscillatory convection with a
counter!rotating cell\ in which a weak like!rotating
cell appears and disappears periodically near
f � 14>\ occurs[ At Gr � 8999\ a steady ~ow with
three cells on the top "Fig[ 1"b## is also obtained\ if
we use the solution of the higher Gr in the branch of
N"cells on top# � 2 as an initial condition "Fig[ 2#[

"2# 093 ¾ Gr ¾ 0[0×093] Oscillatory convection "Fig[ 3#
with three cells on the top part and two or more like!
rotating cells in the vertical section of the annulus
occurs[ The like!rotating cells created in the upper
part of the annulus drift downward as time goes on
"Fig[ 4#[

"3# Gr � 0[1×093] A steady convection with three cells
on the top and four like!rotating cells in the vertical
section of the annulus "Fig[ 2"c## is obtained[

"4# 0[2×093 ¾ Gr ¾ 3×093] Oscillatory convection with
three cells on the top and two or more like!rotating
cells in the vertical section of the annulus occurs[ The
cells in the upper part of the chain of like!rotating
cells "f ³ 89># do not drift into the lower half of
the annulus "f × 89>#[ Instead\ the phenomena of
coalescence and separation of two like!rotating cells
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Fig[ 2[ Diagram showing the branches of solutions] N"cells on top# � 0\ 1\ 2\ and 3 represent the numbers of cells separated by the streamline
of c � 9 on the top of the annulus[ N"cells on top# � 0L represents the solution having one like!rotating cell on the top "Fig[ 0"II##[ "ž#
steady solutions^ "�# unsteady oscillatory solutions[

occur in the lower or upper region of the annulus
"Figs 5 and 6#[

The time evolutions of u"t# and Nu"t# for several
Grashof numbers "Gr � 0[0×093\ 0[2×093\ 1×093\
1[7×093\ and 2[3×093# in the solution branch of
N"cells on top# � 2 are shown in Fig[ 3[ In this branch\ oscil!
latory convection occurs at Gr − 093[ At the initial stage
of oscillatory convection "093 ¾ Gr ¾ 0[0×093#\ the
unsteady motion is periodic in time\ and occurs relatively
slowly "Fig[ 3"a##[ However\ the ~uctuations at Gr �
0[2×093 show relatively fast oscillation "Fig[ 3"b##[ And
the ~uctuation undergoes more complicated oscillations
"Fig[ 3"c#\ "d## with increase of Gr\ and afterwards a new
time!periodic motion is developed again "Fig[ 3"e##[ This
behavior is observed to be closely related to the transition
phenomena of the motion of cells[

The periodic motion of cells at Gr � 0[0×093 is shown
in Fig[ 4[ The _gure shows three cells on the top part of
the annulus\ and it can be clearly seen that the like!
rotating cells in the vertical section drift downward as
time goes on[ A cell drifts below the central line of the
annulus "f � 89>#\ and coalescence of cells occurs near
f � 094>[ During this period\ a new cell is created in the
space of the top portion of the chain of like!rotating cells[
When Gr � 0[2×093 "Fig[ 5#\ however\ the cells in the
upper half of the annulus "f ³ 89># do not drift into the
lower half "f × 89>#[ Figure 5 shows coalescence and
separation of cells in the upper half of the annulus\ and
it can be seen that the cell near f � 79> does not drift
below the central line of the annulus "f � 89>#[

The above!mentioned results for Gr � 0[0×093 and
0[2×093 show completely di}erent characteristics for the
motion of like!rotating cells in the vertical section of the
annulus[ We can see that there are two kinds of driving

force\ one makes the cells drift downward\ but the other
inhibits[ At the intermediate value of Gr � 0[1×093\ a
balance is maintained between the two kinds of force\
and a steady!state ~ow is established[ The steady!state
streamlines of Gr � 0[1×093 in Fig[ 1 show four like!
rotating cells in the vertical section\ which are nearly
symmetric about the central line of the annulus
"f � 89>#[ At the higher Grashof number of
Gr � 0[2×093\ oscillatory convection is developed again
"Fig[ 3"b##[

As Gr is increased\ the region occupied by the three
closed cells on the top part of the annulus becomes wider
and the oscillatory ~ow shows coalescence and separation
of cells clearly in the lower part of the annulus at high
Gr[ The instantaneous streamlines at Gr � 2[3×093 are
presented in Fig[ 6[ The _gure shows the phenomena
clearly in the region of 89>³ f ³039>[ The oscillatory
motion of the upper portion of the chain of like!rotating
cells\ however\ shows that the strongest cell near f � 79>
oscillates periodically in the azimuthal direction with a
small amplitude of displacement[ The two periodic ~ows
of Gr � 0[2×093 "Fig[ 5# and Gr � 2[3×093 "Fig[ 6#
show a transition of ~ow patterns\ and we can see that a
new time!periodic ~ow occurs after experiencing a vari!
ation of ~ow structure with increase of Gr[

In the branch of N"cells on top# � 1\ the ~ow _eld has two
square!shaped cells on the top of the annulus "Fig[ 1"a##[
The ~ow pattern exists at Gr − 5999 "Fig[ 2#[ The ~ow is
steady for 5999 ¾ Gr ¾ 6999\ but oscillatory convection
is developed at Gr − 7999 "Fig[ 7#[ The observed pheno!
mena for this branch are as follows]

"0# Gr � 7999] The oscillation is weak\ and the motion
of cells is not apparently visible[

"1# 8999 ¾ Gr ¾ 0[7×093] During the oscillation period\
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Fig[ 3[ Time evolutions of u"t# and Nu"t# for several Grashof numbers in the solution branch of N"cells on top# � 2] "a# Gr � 0[0×093^ "b#
Gr � 0[2×093^ "c# Gr � 1×093^ "d# Gr � 1[7×093^ "e# Gr � 2[3×093[

a new cell is created in the top portion of the chain
of like!rotating cells in the vertical section of the
annulus[ As time goes on\ it drifts downward\ and
coalescence of cells occurs near f � 89>\ 099> and
094>\ for 8999¾ Gr ¾ 093\ 0[1×093 and 0[3×093 ¾
Gr ¾ 0[7×093\ respectively\ i[e[\ the location moves
slightly downward with increase of Gr[

"2# At Gr − 1×093\ the cells in the upper half of the
annulus "f ³ 89># do not drift into the lower half
"f × 89>#\ with the result that
"i# 1×093 ¾ Gr ¾ 2[5×093] When Gr � 1×093\ a

strong cell is formed near f � 89>\ and the cell
oscillates periodically in the azimuthal direction
with a small amplitude of displacement "Df ³
4>#[ The upper part of the chain of like!rotating
cells "f ³ 89># displays coalescence and separ!
ation of cells[ The cell located near f � 89> for

Gr � 1×093 is slightly shifted downward with
an increase in Gr] the center of the cell locates
near 84> ³ f ³ 099> at Gr � 2[5×093[

"ii# 2[7×093 ¾ Gr ¾ 3×093] Coalescence and separ!
ation of cells occur near f � 009>[ During the
oscillation period\ a weak small like!rotating
eddy appears and disappears intermittently near
f � 89>[

The ~uctuations of u"t# and Nu"t# for the ~ows with
N"cells on top# � 1 "Fig[ 7# also show the establishment of a
new periodic ~ow "Fig[ 7"d## after experiencing the more
complicated oscillations "Fig[ 7"b#\ "c## with increase of
Gr[ The further increase of Gr creates intermittent noise\
and leads to non!periodic motion again "Fig[ 7"e##[

As an example of the motion of cells in the solution
branch of N"cells on top# � 1\ the instantaneous streamlines
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Fig[ 4[ Time sequence of streamfunction _eld over one period of oscillation at Gr � 0[0×093\ in the solution branch of N"cells on top# � 2^
"a# at t � t0 at which u"t# takes its minimum value^ "b# at t � t0¦P:7^ "c# at t � t0¦P:3^ "d# at t � t0¦P:1^ "e# at t � t0¦2P:3[ Two
structures are shaded with dots so that their motions can be followed[

Fig[ 5[ Time sequence of streamfunction _eld over one period of oscillation at Gr � 0[2×093\ in the solution branch of N"cells on top# � 2]
"a# at t � t0 at which u"t# takes its minimum value^ "b# at t � t0¦P:7^ "c# at t � t0¦P:3^ "d# at t � t0¦P:1^ "e# at t � t0¦2P:3[
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Fig[ 6[ Time sequence of streamfunction _eld over one period of oscillation at Gr � 2[3×093\ in the solution branch of N"cells on top# � 2]
"a# at t � t0 at which u"t# takes its minimum value^ "b# at t � t0¦P:3^ "c# at t � t0¦P:1^ "d# at t � t0¦2P:3^ "e# at t � t0¦6P:7[

at Gr � 2[3×093 are presented in Fig[ 8 to compare with
those of N"cells on top# � 2 in Fig[ 6[ The _gure shows two
cells on the top and three or more like!rotating cells in
the vertical section of the annulus[ Unlike the case with
N"cells on top# � 2 in Fig[ 6\ the cells below the central line
of the annulus "f × 89># oscillate periodically in the azi!
muthal direction\ and coalescence and separation of cells
is clearly visible in the upper part of the chain of like!
rotating cells "f ³ 89>#[

The ~ow having four cells on the top "Fig[ 1"d## exists
at Gr − 0[5×093 "Fig[ 2#[ The phenomena observed for
the solution branch of N"cells on top# � 3 up to Gr � 3×093

are as follows]

"0# When Gr � 0[5×093\ a steady!state ~ow with clearly
visible two like!rotating cells in the vertical section of
the annulus is established "Fig[ 1"d##[ The mechanism
for steady state is similar to that of Gr � 0[1×093

with N"cells on top# � 2 showing a balance of driving
forces "Fig[ 1"c#\ Figs 4Ð5#\ one makes the cells drift
downward\ but the other inhibits[

"1# At 0[7×093 ¾ Gr ¾ 3×093\ however\ oscillatory
convection is developed "Fig[ 09#[ The oscillatory
~ow also has two like!rotating cells in the vertical
section which are similar to those in Fig[ 1"d#[ During
the oscillation period\ the cells in each region of
f ³ 89> and f × 89> do not cross over the central
line of the annulus "f � 89>#[ In f ³ 89>\ the

phenomena of coalescence and separation of cells are
not clearly visible\ but the center of the strong cell
located near 79>³ f ³ 74> oscillates in the azi!
muthal direction with a small amplitude of dis!
placement "Df ³ 4>#[ In the lower half of the annulus
"f×89>#\ coalescence and separation of like!
rotating cells is visible[ The point at which coales!
cence of cells occurs is near 009>³ f ³ 019> for
0[7×093 ¾ Gr ¾ 3×093[ As Gr is increased\ the point
of the center of the strong cell in f ³ 89> and
coalescence of cells occurs in f × 89> move slightly
downward[

The oscillatory convections in the solution branch of
N"cells on top# � 3 are nearly periodic in time up to
Gr � 3×093[ The ~uctuations of u"t# and Nu"t# at
Gr � 1×093 and 2[3×093 are presented in Fig[ 09 to
compare the triple oscillatory solutions of N"cells on top# � 1\
2\ 3 "Fig[ 2#[ The ~uctuations in the branches of
N"cells on top# � 1 and 2 are shown in Fig[ 7 and Fig[ 3\
respectively[ At Gr � 1×093\ the ~ows having two "Fig[
7"c## and three "Fig[ 3"c## cells on the top display irregu!
lar oscillations\ but periodic motion is developed for the
~ow with four cells "Fig[ 09"a##[ In the case of
Gr � 2[3×093\ all the ~ows show periodic ~uctuations
"Figs 3"e#\ 7"d# and 09"b##[ From the _gures of Nu"t#\ we
can see that the mean values of Nu"t#\ Numean\ for the
triple solutions have the following order of magnitude]
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Fig[ 7[ Time evolutions of u"t# and Nu"t# for several Grashof numbers in the solution branch of N"cells on top# � 1] "a# Gr � 093^ "b#
Gr � 0[3×093^ "c# Gr � 1×093^ "d# Gr � 2[3×093^ "e# Gr � 2[7×093[

Numean "3# × Numean "2# × Numean "1#\ where the numbers
in the parentheses represent N"cells on top#[

An example of the transient development of cells in
the branch of N"cells on top# � 3 after impulsive heating of
the cylinder is shown in Fig[ 00 with Gr � 0[5×093[ The
initial conditions are uł � u � 9\ and the inner cylinder
is suddenly heated to u � 0[ After a second\ a pseudo!
conduction state with a crescent!shaped cell is established
"Fig[ 00"a##[ And afterwards instability occurs in the
vertical section of the annulus\ creating like!rotating cells
"Fig[ 00"b##[ The instability propagates along the circum!
ference of the annulus\ and new cells are successively
created "Fig[ 00"c#\ "d##[ As time goes on\ all the cells
except the cells on the top of the annulus tend to drift
downward[ During this course\ two new counter!rotating
cells are created at the boundaries of a strong cell on the
top\ and grow in size "Fig[ 00"e#\ "f##[ After the creation

of the four closed cells\ the region occupied by the cells
on the top of the thermally unstable region becomes
wider^ and the strength of the cell near f � 9 in which
the vertical temperature gradient between two cylinders
is the greatest is also increased "Fig[ 00"g#\ "h##[

The e}ect of ~ow pattern on the distribution of local
Nusselt numbers at the walls is shown in Fig[ 01 with
Gr � 2[3×093 which has triple oscillatory solutions[ The
multicellular ~ow makes the distribution very complex[
At the boundaries of cells on the top of the annulus\
Nu"f# has relative minimum or maximum values\ and
accordingly\ the di}erent number of cells yields large
local variations of Nusselt numbers\ especially on the top
part of the annulus[

Figure 02 presents time!averaged overall Nusselt num!
ber "Nutime# as functions of Gr[ The _gures shows a rela!
tively steep increase "or decrease# in the overall Nusselt
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Fig[ 8[ Time sequence of streamfunction _eld over one period of oscillation at Gr � 2[3×093\ in the solution branch of N"cells on top# � 1]
"a# at t � t0 at which u"t# takes its minimum value^ "b# at t � t0¦P:3^ "c# at t � t0¦P:1^ "d# at t � t0¦2P:3^ "e# at t � t0¦6P:7[

Fig[ 09[ Time evolutions of u"t# and Nu"t# in the solution branch of N"cells on top# � 3] "a# Gr � 1×093^ "b# Gr � 2[3×093[

number when the number of the cells on the top of the
annulus is increased "or decreased#[ And the ~ow with
the more cells on top of the annulus has the greater
overall Nusselt number than other ~ows with fewer cells]
Nutime "3# × Nutime "2# × Nutime "1# × Nutime "0#\ where the
numbers in the parentheses represent N"cells on top#[ Indepen!
dently of the present investigation for the annular
geometry\ Le Que�re� ð16Ł studied multiple solutions in
two!dimensional convection of air in a tall cavity with an

aspect ratio of 05\ and found multiple solutions charac!
terized by the numbers of cells[ For convection in a tall
cavity\ the mean Nusselt numbers corresponding to the
multiple solutions di}ered very little[ In the present con!
_guration\ the di}erent number of cells yields large local
variations of Nusselt numbers "Fig[ 01#\ and consequently\
the di}erence in overall heat transfer is relatively larger
than that of the tall cavity ð16Ł[ The result of Fig[ 02 was
obtained with the "r×f# mesh of "06×146#[A test of
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Fig[ 00[ A transient development of the ~ow patterns with Gr � 0[5×093] "a# t � 9[04^ "b# t � 9[13^ "c# t � 9[30^ "d# t � 9[35^ "e#
t � 9[3714^ " f# t � 9[38^ "g# t � 9[43^ "h# t � 5[ The initial conditions are uł � u � 9\ and the inner cylinder is suddenly heated to u � 0[

grid!dependency was made for Gr � 093 and 2×093^
when using "14×146#\ the di}erence in Nutime was less
than 0)[

For the ~ows at Gr ¾ 3[4×093\ it has been observed
that the shape and strength of the two\ three and four
cells on the top of the annulus remain almost unvarying
during the oscillation period "Figs 4Ð6\ and 8#[ The angles
representing the location of separation points between
the cells on the inner cylinder "Fig[ 1# are plotted in Fig[
03 as functions of Gr[ The approximate shape of cells on
the top can be seen from the _gure[ In the ~ows with
N"cells on top# � 1\ the cell on the uppermost part of the
cylinder grows in size "f0#\ with increase of Gr[ When the
~ow has N"cells on top# � 2\ the size of the mid cells "f1−f0#
becomes large\ as Gr is increased[ For the ~ows with
N"cells on top# � 1 and 2\ the region occupied by the cells on
the top also becomes wide\ but approaches a _nite limit\
as Gr is increased] f1 and f2 for N"cells on top# � 1 and 2\
respectively[ When the ~ow has N"cells on top# � 3\ however\
the size of the cells is nearly unvaried[

As mentioned above\ the shape and the strength of the
cells on the top of the annulus remain almost unvarying
during the oscillation period\ when Gr is relatively small
"Gr ¾ 3[4×093#[ However\ the cells also undergo oscil!
latory motion in the shape and the strength\ and new
transition phenomena of ~ow patterns occur at high Gr[
The branches of solutions at Gr − 3×093 are presented
in Fig[ 04[ The observed phenomena "up to Gr � 7×093#
are as follows]
"0# N"cells on top# � 1] The two!cell pattern is maintained[
"1# N"cells on top# � 2]

"i# At Gr ¾ 3[7×093\ the three!cell pattern is main!
tained[

"ii# At 4×093 ¾ Gr ¾ 4[3×093\ the third cell inter!
faced with the chain of like!rotating cells in the
vertical section is contracting and expanding in
size\ during the oscillation period[

"iii# For Gr − 4[5×093\ the third cell appears and
disappears periodically[

"2# N"cells on top# � 3]
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Fig[ 01[ Instantaneous local Nusselt numbers along the inner
"Nui# and outer "Nuo# cylinders at the time when the overall
Nusselt Nu"t# has its time!averaged value\ for the solution
branches of N"cells on top# � 1\ 2\ and 3 with Gr � 2[3×093[ The
numbers in the parentheses represent N"cells on top#[

Fig[ 02[ Time!averaged overall Nusselt number "Nutime#[ In the
non!periodic regime of Gr\ integration is carried out from t � t9
to t � t9¦04\ and the last part of data for Nu are averaged over
the time interval of Dt � 09[ The numbers in the parentheses
represent the branches of the solutions\ N"cells on top#[

"i# At Gr ¾ 3[5×093\ the four!cell pattern is main!
tained[

"ii# For 3[7×093 ¾ Gr ¾ 4[5×093\ the fourth cell
interfaced with the chain of like!rotating cells is
contracting and expanding in size[

"iii# At Gr − 4[7×093\ two cell!pattern ~ow occurs\
i[e[\ a transition from the branch of N"cells on top# �
3 to that of N"cells on top# � 1 occurs near
Gr � 4[7×093[ However\ the transition from

Fig[ 03[ Angles locating the separation points between the cells
on the inner cylinder[ The numbers in the parentheses represent
N"cells on top#[ The de_nition of f0\ f1\ f2\ and f3 is presented in
Fig[ 1[

Fig[ 04[ Diagram showing the solution branches and motion of
cells on the top\ at high Gr[ The cell interfaced with the upper
portion of the chain of like!rotating cells in the vertical section
of the annulus is represented by the third and fourth cell for the
branches of N"cells on top# � 2 and 3\ respectively[

N"cells on top# � 1 to N"cells on top# � 3 does not occur
"Figs 2 and 04#[

An example of the ~ow at high Gr is presented in Fig[
05 with Gr � 5×093\ which shows the periodic appear!
ance of the third cell on the upper part of the annulus[ It
is to be noted that the vertical section of the annulus in
Fig[ 05 shows nearly unicellular ~ow structure\ whereas
the ~ows at relatively small Grashof numbers of
Gr � 0[0×093\ 0[2×093 and 2[3×093 in Figs 4Ð6 display
clearly visible two or more like!rotating cells[ On the
other hand\ the streamlines of Gr � 8999 in Fig[ 1"b#
show a single cell in the vertical section[ From Figs 1"b#\
4Ð6 and 05\ we can see that transitions from unicellular
to multicellular\ and then from multicellular to approxi!
mately unicellular ~ow occur in the vertical section of the
annulus\ as Gr is increased[ This phenomenon is similar
to that of the return to monocellular ~ow structure
observed in the convection in a vertical annulus ð06Ł and
a tall cavity ð16Ł[

In this study\ we have investigated two!dimensional
natural convection for a narrow!gap annulus with



J[!S[ Yoo:Int[ J[ Heat Mass Transfer 31 "0888# 698Ð611 610

Fig[ 05[ Plots of u"t#\ Nu"t#\ and time sequence of streamfunction _eld over one period of oscillation at Gr � 5×093\ in the solution
branch of N"cells on top# � 2 in Fig[ 04] "a# at t � t0 at which u"t# takes its minimum value^ "b# at t � t0¦P:7^ "c# at t � t0¦2P:7^ "d# at
t � t0¦3P:7^ "e# at t � t0¦5P:7^ " f# at t � t0¦6P:7[ The cross near f � 099> indicates the center of the cell in the vertical section[

Di:L � 01[ Powe et al[ ð3Ł conducted experimental inves!
tigations to classify ~ow patterns of air\ and reported
that two!dimensional multicellular ~ows occurred in the
annuli with Di:L × 7[4[ The three!dimensional natural
convection phenomenon in a narrow horizontal annulus
has never been reported in any of the numerical and:or
experimental studies[ The assumption of two!dimen!
sional ~ow used in this study is thought to be valid for
the convection in a narrow annulus with Di:L � 01 at
Gr ¾ 7×093[ However\ we do not preclude the possibility
of three!dimensional ~ow at su.cient high Gr\ and the
problem is still waiting for interested readers to study[

3[ Conclusions

Natural convection in a narrow horizontal concentric
annulus with Di:L � 01 is numerically investigated for a
~uid of Pr � 9[3[ At the intermediate value of Pr � 9[3\

the combined e}ect of thermal and hydrodynamic insta!
bility yields very complex multicellular ~ow patterns and
interesting transition phenomena[ The ~ows are classi_ed
by the number of cells on the top of the annulus\ and
four branches of solutions are found after the onset of
instability of conduction regime[ This study found _ve
kinds of multiple solutions characterized by the temporal
behavior and spatial structure of ~ows] "i# dual steady
~ows^ "ii# one steady and one oscillatory ~ows^ "iii# one
steady and two oscillatory ~ows^ "iv# dual oscillatory
~ows^ "v# triple oscillatory ~ows[ At small Gr\ the like!
rotating cells created in the upper part of the annulus
drift downward and disappear in the lower region of the
annulus[ At relatively high Gr\ however\ the cells do not
drift into the lower half of the annulus\ and the phenom!
ena of coalescence and separation of two like!rotating
cells occur in the lower or upper region of the annulus[
As Gr increases\ the transition of ~ow structure shows
gradual increase in the number of cells[ When Gr is fur!
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ther increased\ the ~ow in the vertical section of the
annulus reverts to a nearly monocellular structure[ The
temporal behavior of the ~ow _eld is closely related to
the motion of cells[ As a result\ a transition phenomenon
of {steady : oscillatory : steady : oscillatory ~ow| is
found\ with increase of Gr[ And a transition from a tem!
porally non!periodic ~ow to a time!periodic ~ow is also
observed[
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